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Abstract—A growth law is derived which governs the propagation of a delamination embedded in a layered
plate, with the shapes of the delaminated area and of the plate assumed to be arbitrary. The plate is considered to
be subjected to edge loading.

INTRODUCTION

Debonded regions between layers of structural elements made of composite materials are
referred to as delaminations. In this paper we are concerned with problems involving growth of
delaminations in edge loaded layered plates such as that of an elliptic delamination embedded in
a compressively loaded layered rectangular plate. Although the problem is essentially a three
dimensional one, the phenomenon of delamination growth can be modeled by nonlinear plate
theory together with a growth law in the spirit of the DCB models of crack growth in mode I
fracture. An example of such an approach can be found in Bottega and Maewal[1] wherein a
one-dimensional model problem involving a penny shaped delamination in a circular plate was
considered. It is to the derivation of the growth law for the associated two dimensional moving
intermediate boundary problem that the present work is addressed.

Starting with the potential energy functional for the plate, the corresponding form of the
governing partial differential equations and boundary conditions are derived by using the
theorem of stationary potential energy coupled with a Griffith type fracture criterion where the
mobility of the moving intermediate boundary, the delamination edge, is taken into account.
The general form of the growth law is found as a consequence of the transversality condition
associated with the moving intermediate boundary.

Explicit forms of the general growth law for the class of problems of interest are found by
evaluating the strain energy density using a geometrically nonlinear plate theory to describe the
deformation of the layers. These reveal some interesting characteristics concerned with the
factors affecting growth.

GENERAL FORMS OF THE GROWTH LAW AND GOVERNING EQUATIONS

Consider a layered plate occupying the region R with outer boundary S, which contains a
region of delamination R; bounded by the curve S (see Fig. 1). When the plate is subjected to the
generalized forces P(s) on S,, resulting in the generalized displacement field di(x), the region of
delamination grows to R, with boundary S; where R, € R; € R and x; are Cartesian coordinates in
the plane of the delamination. The bonded region of the plate is denoted by R, such that
R; U Ro =R

In what follows, delamination growth is assumed to be governed by a Griffith type criterion
such that an energy release of I is required to produce a unit area of new delamination and I is
a characteristic of the bonding agent and layering material.

Let us define the energy functional IT as}
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tSponsored by the National Science Foundation,
. ifAlthough the growth of delamination is a nonconservative phenomenon, the definition of an energy functional is
justifiable if the growth is assumed to be monotonic at all points on the delamination edge.
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Fig. 1. Arbitrary shaped delamination embedded in edge loaded arbitrary shaped layered plate (plan view).
where
{a,i'} = J- F(a,%) dx 2
is the strain energy of the plate,
W= L P(s) - di(s) ds 3)
0

is the work done by the applied loading,

8 = r{ . dx - L'o dx} ©)

is the energy absorbed during growth of the delamination, F(@,@’) is the strain energy density of
the plate, I' is the energy required to produce a unit area of delamination, and ( )’ denotes
differentiation with respect to each independent variable.
Equilibrium, under the restriction of monotonic growth of delamination, requires that the
first variation of the energy functional vanish, i.e.
I =0. &)
Upon examining (1)—(4) it is seen that eqn (5) requires the variation of functionals defined over

a region with a moving interior boundary.
For a functional of the type

J{ ul,...,um,ul,x‘,...,u,,,_xn}=j F(xyyoo XnyUiyes Uy Uy gy Uy ) AX
R

with moving boundary S, the first variation of J is given by[2]

9 9F ]
o= E[F 1=1ax1 1]8 dx le=lax| [;=la )(8u,+F5x. dx’ (6)

Rj=1

where

Bu; = bu; — 2, Ujdx; @)
i=1

(see Fig. 2) and u;; = (3uyox;).
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Fig. 2. Variation of function of two variables with moving boundary.

Applying the divergence theorem to the second integral in (6), and using (7), we arrive at the
following expression for the variation of the functional J defined on region R with moving
boundary S:

81:[ Z[Ru,-iiiﬁ]ga;dx."f é ) -éf-&ujp.,- ds
R 4 ; QU

1= ox; du, s ouy,
+J‘ i [Féx,- “i i -gf-u,-k&xk}m dS, (8)
st =Siou;

where p is the outer normal to the surface S and s is the path coordinate along the boundary.

The results presented to this point are quite general and apply to any number of dependent
variables which may correspond to deformations of a muliti-layer plate, assuming an appropriate
theory for each layer. For the sake of brevity we now restrict our attention to cases where it is
only necessary to consider deformations of u single layer such as the case of symmetric
delamination buckling as occurs in a two layer plate. For such cases it is convenient to define
the array of dependent variables in the delaminated and bonded regions as follows

A0 x € R]
B {U, Xx; € Rg, (9)
where
13} u Ul U
v . Vv
u=< - o =dw 5 U= =4 W ¢, (10)
w»x W‘X
Us W U5 W‘y

and x = (xy, x2) = (x, y). In (10), u and v (U and V) correspond to the inplane layer deformations in
the x and y directions respectively while w (W) corresponds to the transverse displacement of the
layer centerline.f

We also define the loading vector P(s) as follows:

Py(s) P.(s)
) P,(S)
P(s)= = { P(s}} , {an
. M(s)
Py(s) M,(s)

+A.lt.hough the develogmcnt up to (8) is quite general and is valid for the approaches wherein, for example, both
gm;lea;n:na(l‘%r)nd angular displacements are used as dependent variables, we now restrict our treatment to the specific form
implied by (10).
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where P,, P,, and P, correspond to the components of the applied distributed force in the x, v,
and z directions respectively while 4, and 4, correspond to the respective components of the

applied distributed bending moment.

Equation (8) in conjunction with (9)-{11) can now be used to derive the variational

equations. Thus, with (8)~(11), eqn (5) becomes:

: 2 d 8F 1— z2 S 4F
[R!;[Fw}—zé;—u;}ﬁu;dx+f 22 g, Ot ds

8U . d
IS,! 1j= laUn ;F- s

=1

{
M
o

B

=

o

=
Sty
&

MN

j=1

2 2
> | Fu,unex, - Ui e ds + Féxp,; ds =0.
4 aU 4

§;i=1 §; i=1

aF ]‘ [ , aF }
+ F(u,u")éx; = u.s i
P !Z;an‘SUJ ; ds S,E (u,u)bx; — 2;“3“}’1 ;0% [ ds

(12)

From (10) it can be seen that only three of the five dependent variables and hence only three of
the five du; (and 6U)) can be arbitrary. We therefore seek a relationship which will allow us to

express integrals of the form

[ 3% ax
R i

in such a way that only variations of the first three dependent variables appear in integrals over

the region R. The first integral in (12) can be written as

5 -
L Z?Bu, =I Z?éu,dx-&[f;?fau;dx

1 i= Ry j=1

where

2
3 3F
gj - ‘Fw’— ,2; Bx; au;_{

On setting j = 3+ k we find the following relationship between the dependent variables
;= }
Uapp = Uz = Wi, k = 1,2
Using (15), the second integral on the r.h.s. of (13) becomes

5 — P 2
j > F6u; dx=f F,bw dx+] 2 &, 6w, dx
R =3 R, R k=1

where
T3':; = Frupe
Further analysis is facilitated by use of the result

V- (wF)=F-Vw+wV-F

(13)

(149

(1%

(16)

an

(18)
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where w is a scalar and F is a vector. Substituting w for w in the identity (18), rearranging
terms and integrating over R we have

I F-V&wdx=f V-(BwF)dx—I SwV-Fdx. (19)
R R R
On application of the divergence theorem, the above integral is transformed to
f F-Vawdx=j (F-p,)8wds—I (V- F)éw dx. (20
R s R

The second integral on the r.h.s. of (16) can now be written as

2 . 2 —_—
I ; $k8w‘k dx =I ; $kp,k8w ds - gu Sw dx. (21)
R k=1 § k=1 L

Substitution of (21), (17) and (16) into (13) gives the desired form of the first integral in (12)

S - 2 . 2 . 2 —_
f S Fou, dx = j 3 o dx+ f [93—2 9"3+kk]8w dx+ f 3 Frudvds @)
R R R =1 s k=1

lj-] ,J-

where ¥, is defined by (14). A similar expression is obtained for the third integral in (12) by
replacmg u; with Uy,

For arbitrary du ,(8U ;) with j =1,2,3, the corresponding coefficients in the integrands of the
regional integrals in (12) with (22) taken into account must vanish, resulting in the general form
of the governing partial differential equations. We thus have

a 9F _ . ._
F, Za—x‘au“ =0; j=1.2, (232)
XkERI,
% 3 L 9 oF
Fr- o [EE ..lax.awk.] 0, (23b)
2
U~ ‘ai aal_I; =0, j=12, (24a)
=1 CH 0T X; €R,.

In a manner similar to above we arrive at the following matching and boundary conditions:

“;|s,= Uilsl; i=12, (25a)
wls, = wals, =0; k=1,2, (25b)
L 9F ] _[2 aF ]

[izl auj.i Hi S,_ ,ZlaU,;; i 5 (25C)
% oF

P'=[ "—i]; j=1,2,

i ,Z.aU,;;“ 5 i=12 (25d)

where we take P; =0 for j = 3-5.

The following general form of the growth law is obtained as a consequence of the
transversality condition resulting from the variations associated with the moving intermediate
boundary, i.e. from the requirements that the coefficient of 8x; in (12) must vanish:

[F(u, u)]s, - [R - G]s, =T. (26)
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In (26) we have used the definitions
[F(u,u)]s, =(F(U,U)~ F(u,u)]s, (27

IR -Gl E,}; [(g Iéikﬂ-k) (2 G;iﬂi) - (é‘ Rjkﬂ'k) (gl Gj&#i)]s, (28)

R,'k = 6F/6u,~_k, Rjk = aF/a Uj,k

i (29)
Gy = Ui, Gp = Ui
where [ ] indicates the “jump” in a quantity across the delamination boundary.
Equation (28) can be simplified to the following form
2 2
R-Gls, = [ 3 3 5 (NuDysas - M) | (30)
= =1 = S;
where:
Nik=R;'k§ j=12,
) (31a)
Dy =Gu-Gy;  j=12,
My =Ry; i=3+j; j=1,2,
(31b)

Vi=Gy; i=3+j. j=1.2.

Our analysis is now complete; its main result is the transversality condition (26)—in conjunction
with this and with the assumption of monotonic growth, we have the following growth
condition: if, under a given loading program, the resulting deformations are such that

[F(u,u)ls,~[R-G]s, >T (32)

growth will occur with the plate finally occupying the equilibrium configuration such that (26) is
satisfied at each point on the boundary of the delaminated area. No growth will occur
otherwise.

The quantity Dy is seen to be the (in plane) deformation gradient jump tensor and ¥, is the
(out of plane) rotation gradient tensor. It will be seen in the next section that Ny, is the stress
resultant tensor and M;, is the local bending moment tensor. The quantity [R - G]s, therefore
represents the work done by the tractions and local moments across the delamination edge due
to local discontinuities. Evidently, the growth law defined by (26) and (32) is a point wise
criterion which states that if. the sum of the jump in strain energy density at, and the negative of
the work done by the tractions and moments across, the delamination edge at a given point is
above a certain value T, growth will occur with the plate evolving to a final equilibrium
configuration such that a balance of the aforementioned quantities exists all along the edge.

EXPLICIT FORMS OF THE DELAMINATION GROWTH LAW

In this section the explicit form of the delamination growth law will be derived by assuming
a geometrically nonlinear plate theory to govern the layer deformations.
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The strain energy density for an isotropic, elastic layer is given by
F N o 2 2 + 2
(,0) = S (W0l + W'+ 20w, + (1= VIW 5]

¢
2

+ {[u,}+ v, 2+ Q——zl)(u_y +0,)0+ 2vu,,v__v]

w2+ o,w i+ v(uw ]+ o,w )+ (1= 0)(uy + o )ww,]

+[owiew ]} ner (332)

FU,U) == [U +V, 2, (1-¥) ")(U +V, 2+ 20U,V ]; xERy (33b)

where D = t2C/12, C = Et/(1 - v, t is the layer thickness, E is Young’s modulus for the layer and v
is Poisson’s ratio for the layer. Substitution of (33) into (27) and (30) gives the following
expressions for [F(u,u)]s, and [R - G]s,:

[Fa, )]s, = C{[U’+v2 D@ v penu,, ]

5
[u +v (1 V)(u +v,) +2vu,v, ] }
S
- 1—2)-[w_,‘,(2 + w2+ 20w oW+ (1= V)W g, (34)
[R: Gls, = [(Naxps + Nyl Jpay + [u y Jug}
+ (N1 + Ny v o + o, e}
+ (M) + Myp){w eyie1 + W yyp0}ls, 35)
where
Nyls, = Clus+w s, (362)
Nyl = 5200, 40,35, (36b)
Nyls, = Clv, + vu,ls, (36¢)
My|s, = — Dlw .+ vw,yls, (36d)
M,ls, = = D(1=»)[wyls, (36e)
M,,ls, = = Dlw,y, + vwls, (36f)

Equations (26) and (32) in conjunction with (34)~(36) give the explicit form of the delamination
growth law in terms of a fixed Cartesian reference frame. The explicit forms of the governing
partial differential equations, matching conditions and boundary conditions can be obtmned by
substitution of (33) into (23)—(25).
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Fig. 3. Coordinate transformation and local coordinate system at delamination edge.

It is of some interest to obtain the growth law in terms of a coordinate system whose axes
are aligned with the normal and tangential directions of the delamination edge. We do so in
what follows.

Let By be the orthogonal transformation which transforms the vectors in the coordinate
system x into vectors in the coordinate system £ at each point on S; where £ forms a right
handed system (£, 1) in the normal and tangential directions respectively at the delamination
edge (see Fig. 3). We therefore have that

uj* = By (37

which relates the inplane deformations in the & coordinate system, u;*, to the inplane
deformations in the original coordinate system, with

[By] = [Bu(s)] = [ - Zj}. (38)

Similarly the resultant stress tensor, inplane deformation gradient jump tensor, iocal moment
tensor, and out of plane rotation gradient tensor, are related to their counterparts in the §
coordinate system by

Nj = B;BaN 7,
Dy = ByiByD :q
M = B,BaM;, (39)
Wik = BpqukW:q
where a superscript * denotes the tensor components in the § coordinate system. Since the

form of the strain energy density is invariant with respect to coordinate system, substitution of
(39) into (30) allows (26) to be written ast

[F(u*, u*)]s, ~ [R* - G*]s, =T (40)

tEquations (40)~(42) are with respect to a cartesian reference frame whose directions are norn}a} and tangent to _the
delamination edge at a particular point and are shown, not for cpmpumional purposes, but to bring out certain salient
physical features. If one desires to investigate the relative contributions of individual m.odes of fracture and hence to
partition the energy release into terms associated with fracture modes I, {1, and III, equations (26), (32) and-(35) must be
written with respect to a curvilinear coordinate system whose directions run normal and parallel to the delamination edge
at each point.
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where
*® * *®
[R*-G*]s, = INGudl+ NGlodl+ Mgw o+ Mg w s, 41

and

[Fu*, u™)s, --{[U*§+ v+ D h 4 virs UtV ]

S

—[u?§+v*z - )(u +v¢)2+2vu§v:,]s}

1

- %[‘-V,Z“ + W'Z.'.m + 2VW.€€W‘.,M + (l - V)W_zh]s . (42)
1

It is seen from (41) that only the normal and shear stresses and normal bending and torsional
moments at the delamination edge contribute to the growth of the delamination.

CONCLUDING REMARKS

A growth law has been derived which governs the evolution of an arbitrary shaped
delamination embedded in an edge loaded, arbitrary shaped, laminated plate. In principle, this
growth law can be used in conjunction with the set of governing partial differential equations,
boundary and matching conditions, obtainable from the general equations and conditions given,
for modeling any problem of this class where the initial delamination shape, plate shape, and
loading program is prescribed. Evidently the solution of such problems will require com-
putational approaches which are apparently yet to be developed. Chai[3] circumvented the
¢omputational difficulties for an elliptical delamination in a layer-halfspace interface by assum-
ing that subsequent delamination shapes remain ellipses so that the functional for the debonded
area can be parameterized by the lengths of the axes of the ellipses. It may also be worthwhile
to note here that the growth law presented in this paper can be used in the analysis of a DCB
specimen where the applied loading is nonuniform along the edge, thus, in general, resulting in a
crack front which is not a straight line.
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